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Archimedes’s approximation of z
The constant 7 is defined to be the circumference of a circle divided by its diameter.

The value of 7 has been determined to an accuracy of more than twelve trillion

decimal places. To the non-mathematician this may appear strange since it is not possible to
measure the circumference and diameter of a circle to that degree of accuracy; this article
explains how one of the greatest mathematicians of all time found the value of = to a high
degree of accuracy without requiring any physical measurement.

Archimedes (287-212 BC) lived in Syracuse, Sicily. He developed many branches of
mathematics, including calculus, in which he devised methods for finding areas under
parabolas nearly 2000 years before Newton and Leibniz, and mechanics, in which he found
the centres of gravity of various plane figures and solids and devised a method for calculating
the weight of a body immersed in a liquid.

Whilst absorbed in a mathematical problem, Archimedes was killed by a soldier during the
capture of Syracuse by the Romans.

Archimedes’s method for determining the value of = is described below.
Fig. C1 shows a circle with unit radius and two regular hexagons.

The smaller regular hexagon has its vertices on the circle; it is called an inscribed polygon. Its
perimeter is 6.

The larger regular hexagon has the midpoints of its edges on the circle; it is called an escribed
polygon. Its perimeter is 4+/3 .

Fig. C1

The circumference of the circle is greater than the perimeter, ABCDEF, of the smaller
hexagon but less than the perimeter, ABCDEF, of the larger hexagon.
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25

30

35

40

PhysicsAndMathsTutor.com
3

Dividing the perimeters by the diameter of the circle gives lower and upper bounds for
7z of 3and 243, sothat 3<z<243.

To find tighter bounds, Archimedes repeatedly doubled the number of edges in the two
regular polygons, from 6 to 12, 24, 48 and finally 96. The process of doubling the number of
edges is described below.

Fig. C2 shows two adjacent vertices, P and Q, of a regular polygon inscribed in a circle with
unit radius and centre O. PQ has length a. M is the midpoint of PQ. OM is extended to meet
the circle at R. MR has length h. PR and RQ are adjacent edges of a regular polygon which
has twice as many edges as the polygon which has PQ as an edge. PR has length b.

Fig. C2

Applying Pythagoras’ Theorem
2

e totriangle OMP gives 1:%+(1_ h)*,

2

e  totriangle PMR gives b? =a?+h2 :

For the inscribed regular hexagon, a=1. Substituting a=1in the equations above gives

h= 2_2\/5 and b :x/ —+/3 . This can be written in the equivalent form b= \/6;/5 .
Therefore a regular polygon with 12 edges inscribed in a unit circle has edge length \/6;/5 .

Archimedes repeated this process to find the edge lengths of inscribed regular polygons with
24, 48 and 96 edges. He then used a similar technique for escribed regular polygons.

The inscribed and escribed regular polygons with 96 edges provide bounds for = which we
now write, using decimal notation, as
3.14103...< 7 <3.14271...

© OCR 2018 H640/03/1
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Formulae A Level Mathematics B (MEI) (H640)

Arithmetic series
S, =1in(a+l)=1in{2a+(n-1)d}

Geometric series
_a@-r")
1-r
S, -2 for r|<1
1-r

S,

Binomial series
(a+b)"=a"+"C,a"b+"C,a"’+ ... +"C,a""™b"'+ ... +b"  (neN),

) n n!
where "C, = ,C, =| |[=———
r) ri(n-r)!

(1+x)”:1+nx+n(n—l_1)x2+ LA U B Gt 20 AN (]x]<1 neR)

r!

Differentiation

f(x) £(x)
tan kx k sec? kx
Sec X sec Xtan x
cotx —cosec? x
COSecC X —COSecC X cot X

ydu_, av
Quotient Rule y ==, dy _ M

v dx v

Differentiation from first principles

(%) = lim w

Integration

Ide= In|f (x)|+c
f(x)

’ n _i n+1
jf ((F00) = (F())" +c

Integration by parts Iu de = uv—Ivd—udx
dx dx

Small Angle Approximations
sin@~ 6, cos@ ~1-1 0%, tan @ ~ O where 6 is measured in radians
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Trigonometric identities

sin(A+ B) =sin Acos B +cos Asin B

cos(A=+B) =cos Acos B Fsin Asin B
tan Attan B

tan(AtB)=———— A+B=(k+3irx
( ) 1¥tan Atan B ( (k+2)7)

Numerical methods

Trapezium rule: I: yadx =2 h{(y, + Y,) +2(Y, + Y, + ...+ ¥,4) }, where h= bTa

()

The Newton-Raphson iteration for solving D Xnyp = Xp — )
Probability

P(AuB)=P(A)+P(B)-P(AnB)
P(ANB)=P(A)P(B|A)=P(B)P(A|B) or P(A|B)= P(ﬁ—g)B)

Sample Variance

2
$? =nilsxx where S, = " (x, ~ %)? =ZX5_(ZTXJ:ZX_2_n72

Standard deviation, s=+/variance

The Binomial Distribution
If X ~B(n, p)thenP(X =r)="C,p'q"" where q=1-p
Mean of X is np

Hypothesis testing for the mean of a Normal distribution

2
e o X—u
If X ~N(u, c®)then X ~N| u, — |and ~N(0, 1)
(.07 en XN 1 Jana X1
Percentage points of the normal distribution
p 10 5 2 1 ! o 1 %
z| 1645 | 1.960 2326 2576 27 2?7
Kinematics
Motion in a straight line Motion in two dimensions
v=u-+at v=u-+at
s=ut+3iat? s=ut+iat?
s=3(u+v)t s=3(u+v)t
vZ =u® +2as
s=vt—iat’ s=vt—iat®
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Answer all the questions

Section A (60 marks)

1 Express 2 + >
2X

as a single fraction.
x—1 1

7 /Z(’Lx+l>+ S(X_')_f,
Xx —\ 2x-f\ ) (l-l)(2x+')

= 4w+ D+ 5 -5
(x-1)(2x « 1)

= q)c-—'z

(x—l)(?_x-fl)

2 Find the first four terms of the binomial expansion of (1—2x)%.

State the set of values of x for which the expansion is valid.

2 (- 1) -« )z - G« GE)E Y
| 2! il
= b -2 - 12)‘1 - sz} ]
o B Vul.‘cf. %or |-2x | < | B
Ix) < %

© OCR 2018 H640/03
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3 Show that points A (1, 4, 9), B (0, 11, 17) and C (3, —10, —7) are collinear [4]
(Y S - W (LSRN NS S
PR
AC- C-A - [} \ R
\-+ - a \-e | \s )
BB wd  AC are poralle | o AR wd C
are Collineac wilh Cotmon loo;nlz A
4 Show that rlelnm:—lnS [3]
B 4
AR Ls « Ly < L%~ 1.%
C=1
‘" [lx Fx dx & \
\Z’X/? x 4 x¥ /
L[
\5/
= "\05
© OCR 2018
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5 In this question you must show detailed reasoning.

Fig. 5 shows the circle with equation (x—4)*+(y—1)* =10.
The points (1, 0) and (7, 0) lie on the circle. The point C is the centre of the circle.

y
A
C.
0]@,0) 7,00
Fig. 5
Find the area of the part of the circle below the x-axis. [5]

Cosine role > 61 = (\)T’DY + (.)TD)Z - 2(.)_\’0 )(m)Cos C
s C = 10 + 10- 36
2 x 10 W

© OCR 2018 H640/03 Turn over
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ws C= -08§
C- 25°
Arﬁa— of ‘*rianq\e = }ix Jo Jlo x S 2.9
' )

- 7

_A_feg.. Umﬁ ec X

axis ~  total  area - area o \‘n‘anr\zj\&

- ix (w)'x2.8 -3

= 1249 -7

= 9 419

6

y

J

Fig. 6 shows the curve with equation y = x* —6x* + 4x+5.

o[

Fig. 6

Find the coordinates of the points of inflection.

[5]

G Yy = lq—‘ 6)‘-1 +

4x + §

46_14"1'.3—\21—1'4'

© OCR 2018
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L - 2 -\

A _!ooia}: ol‘. in %\ec\'ion is c.)\nerc &1\ = O

O' lZ)cl—lz

x e

xo= 1)

Ab - w= Y= V- 6+ 4+ 5 = 4

At x - - w- vV -6 -4 +85 = -4
J

Coor dinates are (O, ow) ond (-\, - &)

7 By finding a counter example, disprove the following statement.

If p and q are non-zero real numbers with p<q, then 1 > 1.

[2]
q
+ eq . p=- 9 = |

Jd ! v
vo= = [
P 1
| < A Se 'Hﬁ.s i$ a Counter e,xqm?\e
p 7

© OCR 2018
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8 In Fig. 8, OAB is a thin bent rod, with OA =1 m, AB =2 m and angle OAB = 120°.
Angles , ¢ and h are as shown in Fig. 8.

y
A
B _
A
2m
hm
120°/ ¢ dc
Im A
0 | [ 1
Y N
0] E D > X
Fig. 8
(@) Show that h =sind+ 2sin(8+60°) . [3]

The rod is free to rotate about the origin so that and ¢ vary. You may assume that the result for
h in part (a) holds for all values of

8@) Z DAY = 90- 6

¢ - 150- (- 6)

© OCR 2018 H640/03 Turn over
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s. O = AE

10

L - CDh + BC

L - .6 + Zs. (6 + 60)

(b) Find anangle @ for which h=0.

L) L 5. O+ 0. (6 + 60)
O =~ 5,06 + 25.0cb0 + 2.0 60 cos 6
O = S.*,,e + Sia O + J/:( Cos 9
O = 25:,1 9 -+ Jf Cos e
B .0 = -A
tas® z
{6 - -2
7
| 6- -409
L
| ﬂai& i 4‘0 q. c(ezarees ‘oe\ow Hye \nor'-zon}a[
© OCR 2018 H640/03
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9 (a) Express cos@+2siné in the form Rcos(d—a), where 0 <o <27 and R is positive and given
in exact form. [4]

1

The function is defined by f(6?):(k 0+ 25 0)
+€0s 8 +2sin

, 0<0<2x,kis aconstant.

o‘;g) Cose + 5, 6 = RCos(G-o()
os & + 251,‘9 = (ecose\’.o:o( + RS:AGS:..(,(

I = Reoy « 2 - Rsin
o iL RS[AQ( Z
RCOSa( :
. b = 2
; o« = 110} °
5e 2 R - \ - | = _)"5
’l CoS & ‘5%

cos © + 25;,.6 = J—%Cos (9— .10} )
(3+\/§)

(b) The maximum value of f(9) is Y

Find the value of k. [3]

b) k(&) - | ) |
(k + b+ 25.6) R« J8 cos (B-1.10%)

I/Le Mo x of t(e) iy ohes Gos (&-1.10%) = -)

© OCR 2018 H640/03
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Ma x 1
R - J
3+3§ _ | v k « J8
4 k-J¢ kR +
T+J - k+Js B
“ R*- ¥
k-7
i

10  The function f(x) is defined by f(x) = x* + x> —2x? —4x—2.

(@) Show that x=-1 is aroot of f(x)=0.
\Osa\’ ]:(x)-. XA— + 134 2);1 - 4x - 2_
PG (D) () - 2(0) - 4() -2
T A A
=0
o ")ence x = - s oL (ool:
(b)  Show that another root of f(x) =0 lies between x=1 and x=2.
b) F(Yy - Vv+1 -2- 4-2 - -6
Y’('L) = 16+ 8- 8 -8 -2 = 6
C,\n [ of Stan n Ju' ca‘es Pook
J ' J

© OCR 2018
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(c) Show that f(x) = (x+1)g(x), where g(x) = x3+ax+b and a and b are integers to be

determined. [3]
) x3 -2x -2
, X*‘jx‘**-x’—?_ﬁ—lmc—l
K -
-2x" - 4x -7
-2t - 2
-2x -2
-25% -2
0
) - (e )P - 262 2)

(d) Without further calculation, explain why g(x) =0 has a root between x=1 and x=2. [1]
M) - Gedal) B
othe MG - 0 ger the ottt _beloew N ad 2
S% fhe  RHS  musk  also e?un\ Zero
Heace ﬁ(x) = 0 fat His ook

(e) Use the Newton-Raphson formula to show that an iteration formula for finding roots
of g(x) =0may be written

2%, +2
n+1 3Xn2 _92

) x=1

Determine the root of g(x) =0 which lies between x=1 and x = 2 correct to 4 significant

figures. [3]
pen = X - o(x)
o S R
x, = L3412
D S S L ) x. =\ ¥#3
1x." -1 xy -~ 1. 764
xe = V169
- = B = Dxe = xa o Axa v 2
_ 3xt -2 heace the ook = . 169 & LH{
tA = 21,.3 « 2 -
v, -2

© OCR 2018 H640/03
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11  The curve y=f(x) is defined by the function f(x)=e*sinx with domain 0< x<4r.
(@ (i) Show that the x-coordinates of the stationary points of the curve y =f(x),
when arranged in increasing order, form an arithmetic sequence.
L,L) i F(x) = & unx
o “,(k) = e-xcosx - e-xs.',,x
1l '
ﬂi_ - S*akonam, lm;,,l— s ahe, F'(x) - 0O
R O = @._x oS x - e—L.S/n >
O - ex ((05)1 - Sinx )
R e - + O So Cosx = Sinse = O
Cosx = Snose
Yo =)
x = W St 9+ 13+
4+ oz o T 4 ¥
ia_.‘: i o acithomehe Se?UEnce eilb Qa = TL
and d-

(i)  Show that the corresponding y-coordinates form a geometric sequence.

[9]
B I T xR %
chen  x = & y - e S % = 2 €
J —5n _ > -8
g’rl’ “@ 57 - —_ p7s
x = % Y e Sin & - 2 €
- 9 & T
x = q%, , u = e * s, —f - 2 &«
J
-
‘r
ﬂfh‘s 15 o Seome’rr:c SeCl'lb(’nce CuiHn (o S Jz e
- 2
an& &’ ¢ = -e
© OCR 2018 H640/03
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(i)  Show that the corresponding y-coordinates form a geometric sequence.

1; % T R X =
cher  x = 4 us= e S, = 2 €
5’1 U _-5:5, 5« __J:% “'5;?
x = % 4y = e S & - 2 € %
J -9 3 -qr
x-Z (e * sz = e =
T J
— -
l.r
'ﬂo;s is o S@me‘rr;c_ sg,_szuence it w = 2 e
=TT
aan b’ c = -e B

(b) Would the result still hold with a larger domain? Give reasons for your answer.

})) \/es 'Hw S eq,vence.s Qou ‘& \ncwc Morte ej e (")E/)t-i
1 Lot coouldt have Hne Same Common _rabo
and oQul,(\,er ence
© OCR 2018 H640/03
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Answer all the
questions Section B (15

marks)

The questions in this section refer to the article on the Insert. You should read the article before

attempting the questions.

12 Explain why the smaller regular hexagon in Fig. C1 has perimeter 6.

7,4\5» Fad Jmo,.a\e 5 e?u\\al‘efo.\ with  cdes _9*__19413“1,, 1
- 7 ’ J ke OAR ) . ﬂoerc ate 6 of these s the
fobal {)er;me‘rer s 6

13

Show that the larger regular hexagon in Fig. C1 has perimeter 43.

. 1. 30 = x -
|
- 1,7, =X -
R
‘}OH f)p(fmetcf N 6 X Z)t
_ - V2
- 4R
© OCR 2018
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14 Show that the two values of b given on line 36 are equivalent. [3]

W (KB Y 6o .2

) 4
- g-20n
.
- 8- 401
4
= 72 -0

(Jo-m ) -~ 7-x

N

Lenua, JZ ”J:‘ - ~/ 2 - J_j Since Hm:i e Pos'.\“we

2

© OCR 2018 H640/03
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15 Fig. 15 shows a unit circle and the escribed regular polygon with 12 edges.

Fig. 15

(a) Show that the perimeter of the polygon is 24tan15°.

— e —

- 30 - 13
1 24
i’aa |5 - %
. ]
| x =~ ta I¥
Perime“er = ‘2 X 2)(-
- =~ 24t 15
o
© OCR 2018 H640/03
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(b) Using the formula for tan(6—¢) show that the perimeter of the polygon is 48-244/3. [3]

L)) Perimerer = 24— Fan 1B
~ Qbta, (4% - 30)
= 24 [ ta 45 - tan30 \
\ | + tadtado J
- 24 [t - &)

i+ 5 )

S 24(p- 1) TR+
\ﬁ-ﬂ / -.)_3-1-1

= 24—/“3+2)~3—J \

.

24 [ 2% - 4

U= )

. 48 - 2402

© OCR 2018 H640/03 Turn over
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16  Onaunit circle, the inscribed regular polygon with 12 edges gives a lower bound for 7, and the
escribed regular polygon with 12 edges gives an upper bound for z.

Calculate the values of these bounds for 7, giving your answers:

(i) in surd form

[3]

I6 '-) o I_G(;)Cr lDOU()JL - ?(JZ - Jd?-)
| 7U9Iper bovodl - 24 - 123

(ii) correct to 2 decimal places.

;i) Lowﬁr Loumﬂ - ?“
Upper bound = 322

L

END OF QUESTION PAPER
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